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Abstract
Let [n] denote the set {1, 2, . . . , n} and F
(r)
n,k,a be an r-uniform hypergraph on the
vertex set [n] such that each edge contains at least a vertices in [ak + a− 1]. In this
paper, we show that F
(r)
n,k,a maximizes the number of s-cliques in hypergraphs on n
vertices with matching number at most k for n sufficiently large, where a = ⌊ s−r
k
⌋+1.
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1 Introduction
An r-graph (or an r-uniform hypergraph) is a pair H = (V,E), where V = V (H) is a finite
set of vertices, and E = E(H) ⊂
(
V
r
)
is a family of r-element subsets of V . We often
identify E(H) with H. For any S ⊂ V (H), let H[S] be the subgraph of H induced by
S and let H − S denote the subgraph of H induced by V (H) \ S. For any S ⊂ V (H)
with |S| < r, let NH(S) =
{
T ∈
(
V (H)
r−|S|
)
: S ∪ T ∈ H
}
and degH(S) = |NH(S)|. We call
the elements in NH(S) the neighbors of S in H and call degH(S) the degree of S in H.
For S = {v}, we often use H − v, NH(v) and degH(v) instead of H − {v}, NH({v}) and
degH({v}), respectively. For any s ≥ r, an s-clique of H is a subgraph of H on s vertices
in which every subset of r vertices is an edge of H. Let Krs(H) denote the family of all
the s-cliques of H and let Krs (H) be the cardinality of K
r
s(H). For any u ∈ V (H), we also
use Krs (u,H) denote the number of s-cliques in H containing u. A matching in H is a
collection of pairwise disjoint edges of H. The matching number of H, denoted by ν(H),
is the size of a maximum matching in H.
Definition 1. Let n, k, r, a be positive integers with n ≥ r ≥ a. Define
F
(r)
n,k,a =
{
F ∈
(
[n]
r
)
: |F ∩ [ak + a− 1]| ≥ a
}
.
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Clearly, we have ν(F
(r)
n,k,a) ≤ k. Otherwise, assume that {E1, E2, . . . , Ek+1} is a match-
ing of size k + 1 in F
(r)
n,k,a, then we have
|[ak + a− 1]| ≥
k+1∑
i=1
|[ak + a− 1] ∩Ei| ≥ (k + 1)a,
a contradiction.
In 1965, Erdo˝s [3] proposed the following conjecture.
Conjecture 1.1 (Erdo˝s matching conjecture [3]). Let H be an r-graph on n vertices with
ν(H) ≤ k. Then
|H| ≤ max
{
|F
(r)
n,k,1|, |F
(r)
n,k,r|
}
.
In 2013, Frankl proved that the Conjecture 1.1 holds for n ≥ (2k + 1)r − k.
Theorem 1.2 (Frankl [5]). Let H be an r-graph on n vertices with ν(H) ≤ k. If n ≥
(2k + 1)r − k, then |H| ≤ |F
(r)
n,k,1|.
For recent results on the Conjecture 1.1, we refer the reader to [5, 6, 7]. In [1], Alon
and Shikhelman introduced a generalization of the usual Tura´n problem, which is often
called the generalized Tura´n problem. Given two graphs T and H, the generalized Tura´n
number, denoted by ex(n, T,H), is defined to be the maximum number of copies of T
in an H-free graph on n vertices. The first result of this kind was proved by Zykov [17]
and independently by Erdo˝s [2], who determined ex(n,Ks,Kt). Recently, the study of the
generalized Tura´n problem has received a lot of attention, see [1, 8, 9, 10, 11, 13, 14, 15, 16].
Motivated by the Erdo˝s matching conjecture and the generalized Tura´n problem, we
determine the maximum number of s-cliques in an r-graph on n vertices with matching
number at most k as follows:
Theorem 1.3. Let n, k, r, s be integers and H be an r-graph on n vertices with ν(H) ≤ k.
(I) If r ≤ s ≤ k + r − 1 and n ≥ 4(er)s−r+2k, then Krs (H) ≤ K
r
s (F
(r)
n,k,1);
(II) If (r − 1)k + r ≤ s ≤ rk + r − 1 and n ≥ rk + r − 1, then Krs (H) ≤ K
r
s (F
(r)
n,k,r);
(III) If k+r ≤ s ≤ (r−1)(k+1) and n ≥ 4r2k(er/(a−1))s−r+a, then Krs (H) ≤ K
r
s (F
(r)
n,k,a),
where a = ⌊s−r
k
⌋+ 1.
It should be mentioned that the result for r = 2 has been solved in [16]. As the results
suggested, the construction F
(r)
n,k,a implies that the bounds on K
r
s (H) given in the Theorem
1.3 are all tight. For r ≤ s ≤ (r − 1)(k + 1), a = ⌊s−r
k
⌋+ 1 and n ≤
(
r
a
) s−r+a
r−a
(
rk+r−1−s
s
)
,
since
Krs (F
(r)
n,k,a) ≤
(
ak + a− 1
s− r + a
)(
n− s+ r − a
r − a
)
≤
(a
r
)s−r+a(rk + r − 1
s− r + a
)
nr−a
(r − a)!
<
(
rk + r − 1
s− r + a
)(
rk + r − s− 1
s
)r−a
≤
(
rk + r − 1
s
)
= Krs (F
(r)
n,k,r),
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it follows that F
(r)
n,k,r is a better construction than F
(r)
n,k,a. Thus, K
r
s (H) ≤ K
r
s (F
(r)
n,k,a) holds
if and only if n ≥ n0(k, r, s) for some n0(k, r, s) >
(
r
a
) s−r+a
r−a
(
rk+r−1−s
s
)
.
In [12], Huang, Loh and Sudakov considered a multi-colored generalization of the Erdo˝s
matching conjecture and they proved the following theorem.
Theorem 1.4 (Huang, Loh and Sudakov [12]). Let F1, . . . ,Fk be r-graphs on the vertex
set [n], where k ≤ n3r2 , and every |Fi| > |F
(r)
n,k−1,1|. Then there exist pairwise disjoint edges
F1 ∈ F1, . . . , Fk ∈ Fk.
In this paper, we generalize their result in the following form:
Theorem 1.5. Let n, k, r, t be integers such that r ≤ t ≤ k + r − 2 and n ≥ 4k(t −
r + 2)(er)t−r+2. Let F1,F2, . . . ,Fk be r-graphs on the vertex set V of size n. If for all
i ∈ {1, 2, . . . , k}, there exists some s ∈ {r, r + 1, . . . , t} such that Krs (Fi) > K
r
s (F
(r)
n,k−1,1).
Then there exist pairwise disjoint edges F1 ∈ F1, . . . , Fk ∈ Fk.
In the later sections, we shall need various estimates on binomial coefficients frequently,
which we list here for future reference. Let a, b and c be integers satisfying a ≥ b ≥ c ≥ 0.
Then the following inequalities hold:(
a
b
)
≤
(ea
b
)b
, (1.1)(
b
c
)
≤
(
b
a
)c(a
c
)
, (1.2)(
a
c
)
≤
(
a− c
b− c
)c(b
c
)
, (1.3)(
a
c
)
≤
(ea
b
)c(b
c
)
. (1.4)
Note that when b is close to c, the inequality (1.4) gives a better upper bound on
(
a
c
)
than the inequality (1.3). Let p be a positive integer and x ∈ (0, 1
p
]. Then the following
inequality holds:
(1 + x)p ≤ 1 + p2x. (1.5)
By the definition of F
(r)
n,k,1 we have
Krs (F
(r)
n,k,1) =
s∑
j=s−r+1
(
k
j
)(
n− k
s− j
)
.
It is easy to check that
Krs (F
(r)
n−1,k−1,1) +K
r
s−1(F
(r)
n−1,k−1,1) = K
r
s (F
(r)
n,k,1). (1.6)
The rest of the paper is organized as follows. In Section 2, we prove (I) of Theorem
1.3. In Section 3, we prove (II) and (III) of Theorem 1.3. In Section 4, we prove Theorem
1.5.
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2 The maximum number of s-cliques with s ≤ k + r − 1
In this section, we determine the maximum number of s-cliques in an r-graph H with
ν(H) ≤ k when s ≤ k + r − 1. As a main ingredient to the proof, we need the following
result due to Huang, Loh and Sudakov [12].
Lemma 2.1 (Huang, Loh and Sudakov [12]). Let n, k, r be integers such that rk ≤ n
and H be an r-graph on n vertices. If H has k distinct vertices v1, v2, . . . , vk with degree
deg(vi) > 2(k − 1)
(
n−2
r−2
)
, then H contains a matching of size k.
Lemma 2.2. Let r, s be positive integers such that r ≤ s and H be an r-graph on n vertices
with ν(H) ≤ s− r + 1. For n ≥ 4(s − r + 1)(er)s−r+2, we have Krs (H) ≤ K
r
s (F
(r)
n,s−r+1,1).
Proof. Let M = {E1, E2, . . . , Ep} be a maximum matching in H and S be the set of
vertices that covered by M. Clearly, we have p ≤ s− r + 1. Let
X =
{
x ∈ S : degH(x) > 2(s − r + 1)
(
n− 2
r − 2
)}
,
Y =
{
x ∈ S : degH(x) > r(s− r + 1)
(
n− 2
r − 2
)}
.
Clearly, Y ⊂ X. By Lemma 2.1, we have |X| ≤ s− r+1. Thus, |Y | ≤ s− r+1. Now the
proof splits into two cases depending on the size of Y .
Case 1. |Y | = s − r + 1. We claim that every edge of H contains at least one
vertex in Y . Otherwise, assume that E is an edge of H that is disjoint with Y . Let Y =
{x1, x2, . . . , xs−r+1}. Since degH(xi) > r(s− r+1)
(
n−2
r−2
)
for each i = 1, 2, . . . , s− r+1, we
can greedily find a matching of size s−r+2 inH, which contradicts the fact ν(H) ≤ s−r+1.
Since
|NH(x1)| > r(s− r + 1)
(
n− 2
r − 2
)
> |{x2, . . . , xs−r+1} ∪ E|
(
n− 2
r − 2
)
,
we can choose B1 from NH(x1) such that B1 is disjoint with {x2, . . . , xs−r+1} ∪ E. Now
we continue to choose B2, . . . , Bs−r+1 from NH(x2), . . . , NH(xs−r+1) respectively such that
{x1} ∪B1, {x2} ∪B2, . . . , {xs−r+1} ∪Bs−r+1 and E are pairwise disjoint. When dealing
with NH(xi), since
|NH(xi)| > (s− r + 1)r
(
n− 2
r − 2
)
≥

|Y \ {xi}|+ i−1∑
j=1
|Bj |+ |E|

(n− 2
r − 2
)
,
we can choose Bi from NH(xi) such that Bi is disjoint with (Y \ {xi}) ∪ (∪
i−1
j=1Bj) ∪ E.
Finally, we end up with a matching of size s − r + 2 in H, a contradiction. Thus, the
claim holds. Then, H is isomorphic to a subgraph of F
(r)
n,s−r+1,1. Therefore, we have
Krs (H) ≤ K
r
s (F
(r)
n,s−r+1,1).
Case 2. |Y | ≤ s − r. Clearly, each s-clique in H contains at least s − r + 1 vertices
in S. Otherwise, we shall obtain a matching of size p + 1 in H, which contradicts the
fact that M is a maximum matching in H. Now we count the number of s-cliques in H
as follows. Firstly, we choose a set A of (s − r + 1) vertices in S and there are at most( |S|
s−r+1
)
choice for A. Then choose an (r − 1)-element subset B of V (G), which may form
an s-clique in H together with A. Thus B has to be a common neighbor of all the vertices
in A. Since |A| > |Y |, there exists some x ∈ A that falls in S \ Y . If A ⊂ X, the number
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of choices for B is at most (s − r + 1)r
(
n−2
r−2
)
. If A is not contained in X, the number of
choices for B is at most 2(s− r + 1)
(
n−2
r−2
)
. Thus, we have
|Krs (H)| ≤
(
|X|
s− r + 1
)
· (s− r + 1)r
(
n− 2
r − 2
)
+
(
|S|
s− r + 1
)
· 2(s− r + 1)
(
n− 2
r − 2
)
≤ (s− r + 1)r
(
n− 2
r − 2
)
+
(
(s− r + 1)r
s− r + 1
)
· 2(s− r + 1)
(
n− 2
r − 2
)
≤ (s− r + 1)r
(
n− 2
r − 2
)
+ 2(s − r + 1)(er)s−r+1
(
n− 2
r − 2
)
≤ 3(s − r + 1)(er)s−r+1
(
n− 2
r − 2
)
≤ 3(s − r + 1)(er)s−r+1
(
n− r
n− s
)r−2(n− s+ r − 2
r − 2
)
≤ 3(s − r + 1)(er)s−r+1
(
1 +
(r − 2)2(s− r)
n− s
)(
n− s+ r − 2
r − 2
)
≤ 4(s − r + 1)(er)s−r+1
(
n− s+ r − 2
r − 2
)
≤
n− s+ r − 1
r − 1
(
n− s+ r − 2
r − 2
)
= Krs (F
(r)
n,s−r+1,1).
where the third inequality follows from the inequality (1.1), the fifth inequality follows
from the inequality (1.3), the sixth inequality follows from inequality (1.5), the seventh
and the last inequalities follow from the fact that n ≥ 4(s − r + 1)(er)s−r+2. Thus, we
complete the proof.
Proof of Theorem 1.3 (I). Let n, r be fixed integers. We shall prove the result by induction
on (s, k). For s = r, the result follows from Theorem 1.2. For k = s − r + 1, the
result follows from Lemma 2.2. Now we assume that the result holds for all the pairs
(s′, k′) such that s′ < s or s′ = s together with k′ < k. Let H be an r-graph on n
vertices with n ≥ 4k(er)s−r+2. Without loss of generality, we assume that ν(H) = k. Let
M = {E1, E2, . . . , Ek} be a maximum matching in H and S be the set of all the vertices
that covered by M.
If there exists a vertex u ∈ V (H) such that ν(H− u) = k − 1, we have |Krs (H− u)| ≤
Krs (F
(r)
n−1,k−1,1) by the induction hypothesis on k. By the induction hypothesis on s, we
have
|Krs (u,H)| = |K
r
s−1(H− u)| ≤ K
r
s−1(F
(r)
n−1,k−1,1).
By the equality (1.6), it follows that
|Krs (H)| = |K
r
s (H− u)|+ |K
r
s (u,H)|
≤ Krs (F
(r)
n−1,k−1,1) +K
r
s−1(F
(r)
n−1,k−1,1)
= Krs (F
(r)
n,k,1).
Thus, the result holds.
Now we assume that ν(H − u) = k holds for every u ∈ V (H). We claim that the
maximum degree in H is at most rk
(
n−2
r−2
)
. Let u ∈ V (H) and M′ be a matching of size
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k in H − u. Clearly, all the edges containing u intersect ∪E∈M′E. It follows that the
maximum degree in H is at most rk
(
n−2
r−2
)
.
Let Y be the set of all the vertices in S with degree greater than 2k
(
n−2
r−2
)
. If |Y | ≥ k+1,
by Lemma 2.1 we obtain a matching of size k + 1 in H, a contradiction. Thus, |Y | ≤ k.
Note that every s-clique in H contains at least s−r+1 vertices in S. We can give an upper
bound on the number of s-cliques in H as follows. Firstly, we choose an (s−r+1)-element
subset A of S. Then, choose an (r − 1)-element subset B, which has to be a common
neighbor of all the vertices in A. If A is contained in Y , then the number of choices for B
is at most rk
(
n−2
r−2
)
. If there exists a vertex x ∈ A that falls in S \ Y , then the number of
choices for B is at most 2k
(
n−2
r−2
)
. Thus, we have
|Krs (H)| ≤
(
|Y |
s− r + 1
)
· kr
(
n− 2
r − 2
)
+
(
|S|
s− r + 1
)
· 2k
(
n− 2
r − 2
)
≤
(
k
s− r + 1
)
· kr
(
n− 2
r − 2
)
+
(
rk
s− r + 1
)
· 2k
(
n− 2
r − 2
)
≤ kr
(
k
s− r + 1
)(
n− 2
r − 2
)
+ 2k(er)s−r+1
(
k
s− r + 1
)(
n− 2
r − 2
)
≤
(
2k (er)s−r+1 + rk
)( k
s− r + 1
)(
n− 2
r − 2
)
≤ 3(er)s−r+1k
(
k
s− r + 1
)(
n− 2− (r − 2)
(n− k − 1)− (r − 2)
)r−2(n− k − 1
r − 2
)
= 3(er)s−r+1k
(
k
s− r + 1
)(
1 +
k − 1
n− k − r + 1
)r−2(n− k − 1
r − 2
)
≤ 3(er)s−r+1k
(
k
s− r + 1
)(
1 +
(r − 2)2(k − 1)
n− k − r + 1
)(
n− k − 1
r − 2
)
≤ 4(er)s−r+1k ·
r − 1
n− k
·
(
k
s− r + 1
)(
n− k
r − 1
)
≤
(
k
s− r + 1
)(
n− k
r − 1
)
≤ Krs (F
(r)
n,k,1),
where the third inequality follows from the inequality (1.4), the fifth inequality follows
from the inequality (1.3), the sixth inequality follows from the inequality (1.5) and the
last inequality follows from n ≥ 4(er)s−r+2k. Thus, we complete the proof.
3 The maximum number of s-cliques with s ≥ k + r
Let H be an r-graph on the vertex set [n]. For integers 1 ≤ i < j ≤ n and any E ∈ H, we
define the shifting operator Sij as follows:
Sij(E) =
{
(E \ {j}) ∪ {i}, if j ∈ E, i /∈ E, (E \ {j}) ∪ {i} /∈ H;
E, otherwise.
Set Sij(H) = {Sij(E) : E ∈ H}. It is well known that ν(Sij(H)) ≤ ν(H).
Let E1 = {a1, a2, . . . , ar} and E2 = {b1, b2, . . . , br} be two different r-element subsets
of [n]. We define E1 ≺ E2 if and only if there exists a permutation σ1σ2 · · · σr of [r] such
that aj ≤ bσj holds for all j = 1, . . . , r. Let H be an r-graph on the vertex set [n]. We call
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H a stable r-graph if Sij(H) = H holds for all 1 ≤ i < j ≤ n. If H is stable and E ∈ H,
it is easy to see that for every r-element subset S of [n] with S ≺ E, we have S ∈ H.
Actually, let S = {a1, a2, . . . , ar} and E = {b1, b2, . . . , br}. Without loss of generality, we
may assume that ai < bi for each i = 1, . . . , r0 and ai = bi for each i = r0 + 1, . . . , r.
Since Sa1b1(H) = H and E ∈ H, it is easy to see that E1 = E \ {b1} ∪ {a1} ∈ H. Since
Sa2b2(H) = H and E1 ∈ H, it follows that E2 = E1 \ {b2} ∪ {a2} ∈ H. Repeat the same
argument for all i = 3, . . . , r0, we shall obtain that S ∈ H.
To obtain a stable r-graph, we can apply the shifting operator to H iteratively. For
an intermediate step, let H∗ be the current r-graph. If H∗ is stable, we are done. If H∗ is
not stable, there exists a pair (i, j) such that i < j and Sij(H
∗) 6= H∗. Then, apply Sij to
H∗ and we obtain a new r-graph. Define
g(H∗) :=
∑
E∈H∗
∑
j∈E
j.
Since in each step, g(H∗) decreases strictly and g(H) > 0 holds for all the r-graphs H,
the process will stop in finite steps. It should be mentioned that if we apply the shifting
operator in different orders, finally we may arrive at different stable r-graphs. For more
properties of the shifting operator, we refer the reader to [4].
Lemma 3.1. Let H be an r-graph on the vertex set [n]. For any integers i, j ∈ [n] with
i < j, Krs (Sij(H)) ≥ K
r
s (H). Moreover, if each edge of H is contained in an s-clique of
H, then each edge of Sij(H) is also contained in an s-clique of Sij(H).
Proof. Let K ⊂ [n] with |K| = s. If H[K] is an s-clique but Sij(H)[K] is not an s-
clique, clearly j ∈ K and i /∈ K and some edge in H[K] is shifted by Sij. By the
definition of the shifting operation, it follows that H[(K−{j})∪{i}] is not an s-clique but
Sij(H)[(K −{j})∪{i}] is an s-clique. Now, we define a map σ from K
r
s(H) to K
r
s(Sij(H))
as follows. If H[K] ∈ Krs(H) and Sij(H)[K] ∈ K
r
s(Sij(H)), let σ(H[K]) = Sij(H)[K]; If
H[K] ∈ Krs(H) but Sij(H)[K] /∈ K
r
s(Sij(H)), let σ(H[K]) = Sij(H)[(K−{j})∪{i}]. Then
it is easy to see that σ is an injection and the first result follows.
Suppose that each edge of H is contained in an s-clique in H but there exists an edge
E ∈ Sij(H) that is not contained in any s-clique in Sij(H). If E ∈ H, let H[K] be an
s-clique in H that containing E where K is a subset of [n] with |K| = s. Since E ∈ Sij(H),
by the proof of the first result Sij(H)[(K \ {j}) ∪ {i}] is an s-clique that containing E, a
contradiction. If E /∈ H, then E′ = (E \ {i}) ∪ {j} is an edge of H. Let K be a subset
of [n] such that H[K] is an s-clique in H that containing E′. Clearly, we have j ∈ E′
and i /∈ K. Then Sij(H)[(K \ {j}) ∪ {i}] is an s-clique in Sij(H) that containing E, a
contradiction. Thus, if each edge of H is contained in an s-clique in H, then each edge of
Sij(H) is also contained in an s-clique in Sij(H).
Proposition 3.2. Let n, k, r, s be positive integers with k + r ≤ s ≤ rk + r − 1 and
n ≥ rk + r − 1. Let H be an stable r-graph on the vertex set [n] with ν(H) ≤ k. If every
edge of H is contained in at least one s-clique in H, then |E ∩ [rk + a− 1]| ≥ a holds for
every edge E ∈ H, where a = ⌊s−r
k
⌋+ 1.
Proof. Let a = ⌊s−r
k
⌋ + 1. Clearly, we have (a − 1)k + r ≤ s ≤ ak + r − 1. Since
k + r ≤ s ≤ rk + r − 1, we also have 2 ≤ a ≤ r. Suppose that there is an edge E ∈ H
such that |E ∩ [rk + a − 1]| < a. Let E = {x1, x2, . . . , xr} with x1 < x2 < · · · < xr be
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such an edge. Clearly, we have xa ≥ rk + a. Let K be an s-clique in H containing E and
X = {xa, xa+1, . . . , xr}. Since
|V (K) \X| = s− (r − a+ 1) ≥ (a− 1)k + r − (r − a+ 1) = (a− 1)(k + 1),
we can find k + 1 disjoint (a − 1)-element sets S1, S2, . . . , Sk+1 in V (K) \ X. Moreover,
Si ∪X is an edge of H for each i = 1, 2, . . . , k + 1. For any T ⊂ [rk + a − 1] \ (∪
k+1
i=1 Si)
with |T | = r− a+1, since H is stable and Si ∪ T ≺ Si ∪X, Si ∪ T forms an edge of H for
each i = 1, 2, . . . , k + 1. Since there are at least rk+ a− 1− (a− 1)(k + 1) = (r− a+ 1)k
vertices in [rk + a − 1] \ (∪k+1i=1 Si). Thus, we can find k disjoint (r − a + 1)-element sets
T1, T2, . . . , Tk in [rk + a − 1] \ (∪
k+1
i=1 Si). Then, S1 ∪ T1, S2 ∪ T2, . . . , Sk ∪ Tk, Sk+1 ∪X
are k + 1 disjoint edges in H, which contradicts the fact that ν(H) ≤ k. Thus, the result
follows.
Now we prove the following lemma, which shows a little bit more than what the
Theorem 1.3 (II) says.
Lemma 3.3. Let H be an r-graph on [n] with ν(H) ≤ k. If (r− 1)k + r ≤ s ≤ rk+ r− 1
and n ≥ rk + r − 1, then Krs (H) ≤ K
r
s (F
(r)
n,k,r). Moreover, if K
r
s (H) < K
r
s (F
(r)
n,k,r), then
Krs (H) ≤
(
rk+r−1
s
)
−
(
rk−1
s−r
)
.
Proof. Let H′ be the subgraph of H obtained by deleting all the edges in H that are not
contained in any s-clique in H. Then, apply the shifting operator Sij for all 1 ≤ i < j ≤ n
iteratively until the resulting r-graph is stable. Let H∗ be the resulting r-graph. By
Lemma 3.1, we have Krs (H
∗) ≥ Krs (H
′) = Krs (H) and each edge of H
∗ is contained in an
s-clique in H∗. Since ⌊s−r
k
⌋+1 = r, by Proposition 3.2 we obtain that |E∩ [rk+r−1]| ≥ r
holds for every edge E ∈ H∗. It follows that H∗ is a subgraph of F
(r)
n,k,r. Thus, we conclude
that Krs (H) ≤ K
r
s (H
∗) ≤ Krs (F
(r)
n,k,r). If K
r
s (H) < K
r
s (F
(r)
n,k,r), then H
∗ has to be a proper
subgraph of F
(r)
n,k,r. Then, we have
Krs (H) ≤ K
r
s (H
∗) ≤
(
rk + r − 1
s
)
−
(
rk − 1
s− r
)
,
which completes the proof.
Proof of Theorem 1.3 (III). By the same argument as in the proof of Lemma 3.3, we may
assume that H is a stable r-graph on [n] and for each edge E ∈ H, E is contained in an
s-clique in H. Let a = ⌊s−r
k
⌋+ 1. Clearly, (a− 1)k + r ≤ s ≤ ak + r − 1. By Proposition
3.2, |E ∩ [rk + a − 1]| ≥ a holds for every edge E ∈ H. Define an a-graph H∗ as follows.
Let V (H∗) = [rk + a− 1] and
H∗ =
{
A ∈
(
[rk + a− 1]
a
)
: degH(A) > rk
(
n− a− 1
r − a− 1
)}
.
Now we prove the following two claims, which characterize the structure of H∗.
Claim 1. H∗ is stable.
Proof. Suppose to the contrary that H∗ is not stable. Then, there exist some i and j such
that 1 ≤ i < j ≤ n and Sij(H
∗) 6= H∗. It follows that there exists an edge A ∈ H∗ such
that Sij(A) 6= A. By the definition of H
∗, we have |NH(A)| = degH(A) > rk
(
n−a−1
r−a−1
)
. Let
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A′ = (A \ {j}) ∪ {i}. Since Sij(A) 6= A, it follows that j ∈ A, i /∈ A and A
′ /∈ H∗. Let
B ∈ NH(A). If i /∈ B, since A∪B ∈ H and H is stable, it follows that A
′∪B ∈ H. If i ∈ B,
since A ∪B ∈ H, it follows that A′ ∪ (B \ {i}) ∪ {j} = A∩B ∈ H but A ∪ (B \ {i}) ∩ {j}
is not an edge of H. Now we define a map τ from NH(A) to NH(A
′) as follows. If
i /∈ B, let τ(B) = B; if i ∈ B, let τ(B) = (B \ {i}) ∪ {j}. Clearly, τ is injective and
|NH(A
′)| ≥ |NH(A)| > rk
(
n−a−1
r−a−1
)
, which contradicts the fact that A′ /∈ H∗. Thus, the
claim holds.
Claim 2. ν(H∗) ≤ k.
Proof. Suppose to the contrary that ν(H∗) ≥ k+1. Then, there exist k+1 disjoint edges
A1, A2, . . . , Ak+1 in H
∗. Since degH(Ai) ≥ rk
(
n−a−1
r−a−1
)
holds for each i = 1, 2, . . . , k+1, we
can greedily find a matching of size k+1 in H, which contradicts the fact ν(H) ≤ k. Since
|NH(A1)| > rk
(
n− a− 1
r − a− 1
)
> | ∪k+1j=2 Aj |
(
n− a− 1
r − a− 1
)
,
we can choose B1 from NH(A1) such that B1 is disjoint with ∪
k+1
j=2Aj . Now we continue to
choose B2, . . . , Bk+1 from NH(A2), . . . , NH(Ak+1) respectively such that A1∪B1, A2∪B2,
. . . , Ak+1 ∪Bk+1 are pairwise disjoint. When dealing with NH(Ai), since
|NH(Ai)| > rk
(
n− a− 1
r − a− 1
)
>

 i−1∑
j=1
|Aj ∪Bj |+
k+1∑
j=i+1
|Aj |

(n− a− 1
r − a− 1
)
,
we can choose Bi from NH(Ai) such that Bi is disjoint with (∪j 6=i(Aj)∪(∪
i−1
j=1Bj). Finally,
we end up with a matching of size k+1 in H, a contradiction. Thus, the claim holds.
Since |E ∩ [rk+ a− 1]| ≥ a hold for every edge E ∈ H, every s-clique in H has at least
s−r+1 vertices in [rk−a+1]. Now we consider the maximum number of (s−r+a)-cliques
inH∗. SinceH∗ is an a-graph and (a−1)k+a ≤ s−r+a ≤ ak+a−1, by Lemma 3.3 we have
Kas−r+a(H
∗) ≤ Kas−r+a(F
(a)
n,k,a) =
(
ak+a−1
s−r+a
)
. Moreover, if Kas−r+a(H
∗) < Kas−r+a(F
(a)
n,k,a),
we have Kas−r+a(H
∗) ≤
(
ak+a−1
s−r+a
)
−
(
ak−1
s−r
)
. Then, the proof splits into two cases depending
on the value of Kas−r+a(H
∗) as follows.
Case 1. Kas−r+a(H
∗) = Kas−r+a(F
(a)
n,k,a). If there exist some edge E ∈ E(H) with
|E ∩ [ak + a − 1]| ≤ a − 1. Then we can find k disjoint edges A1, A2, . . . , Ak in H
∗ − E.
Since degH(Ai) > rk
(
n−a−1
r−a−1
)
holds for each i = 1, 2, . . . , k, by the same argument as in the
proof of Claim 2, we can greedily find a matching M of size k in H− E. Then M∪{E}
forms a matching of size k + 1 in H, which contradicts the fact that ν(H) ≤ k. Thus, H
is a subgraph of F
(a)
n,k,a and K
r
s (H) ≤ K
r
s (F
(r)
n,k,a) holds.
Case 2. Kas−r+a(H
∗) ≤
(
ak+a−1
s−r+a
)
−
(
ak−1
s−r
)
. We have shown that |E ∩ [rk+ a− 1]| ≥ a
holds for every edge E ∈ H. It follows that for each s-clique K in H, |V (K)∩[rk+a−1]| ≥
s − r + a. Then the number of s-cliques in H can be upper bounded as follows. Firstly,
we choose an (s− r+ a)-element subset S of [rk+ a− 1]. Then choose an (r− a)-element
subset T , which has to be a common neighbor of all the a-element subsets of S. If S does
not induce an (s− r+a)-clique in H∗, there exists some a-element subset A of S such that
A /∈ H∗. It follows that the number of choices for T is at most degH(A) ≤ rk
(
n−a−1
r−a−1
)
. If
H∗[S] is an (s−r+a)-clique in H∗, then the number of choices for T is at most
(
n−(s−r+a)
r−a
)
.
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Thus, we have
Krs (H) ≤K
a
s−r+a(H
∗)
(
n− s+ r − a
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk
(
n− a− 1
r − a− 1
)
≤
((
ak + a− 1
s− r + a
)
−
(
ak − 1
s− r
))(
n− s+ r − a
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk
(
n− a− 1
r − a− 1
)
.
If s = ak + r − 1, it follows that
Krs (H) ≤
(
rk + a− 1
ak + a− 1
)
· rk
(
n− a− 1
r − a− 1
)
.
Note that (
n− a− 1
r − a− 1
)
≤
(
n− r
n− ak − r + 1
)r−a−1(n− ak − a
r − a− 1
)
≤
(
1 +
(ak − 2r + 1)(r − a− 1)2
n− ak − r + 1
)(
n− ak − a
r − a− 1
)
≤ 2
(
n− ak − a
r − a− 1
)
,
where the first inequality follows from inequality (1.3), the second inequality follows from
inequality (1.5) and the last inequality follows from n ≥ 4r2(er/a)s−r+ak ≥ 2r2ak. Thus,
we have
Krs (H) ≤
(
rk + a− 1
ak + a− 1
)
· rk
(
n− a− 1
r − a− 1
)
≤
(
e(rk + a− 1)
ak + a− 1
)ak+a−1
· rk · 2
(
n− ak − a
r − a− 1
)
≤ 2kr
(er
a
)s−r+a
·
r − a
n− ak − a+ 1
·
(
n− ak − a+ 1
r − a
)
≤
(
n− ak − a+ 1
r − a
)
= Krs (F
(r)
n,k,a),
where the second inequality follows from the inequality (1.1), the forth inequality follows
from n ≥ 4r2(er/a)s−r+ak.
If (a− 1)k + r ≤ s < ak + r − 1, note that(
ak + a− 1
s− r + a
)
=
ak + a− 1
s− r + a
·
ak + a− 2
s− r + a− 1
· · ·
ak
s− r + 1
·
(
ak − 1
s− r
)
≤
(
ak − 1
s− r
)a(ak − 1
s− r
)
≤
(
ak − 1
(a− 1)k
)a(ak − 1
s− r
)
≤
(
a
a− 1
)a(ak − 1
s− r
)
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and (
rk + a− 1
s− r + a
)
≤
(
e(rk + a− 1)
ak + a− 1
)s−r+a(ak + a− 1
s− r + a
)
≤
(er
a
)s−r+a( a
a− 1
)a(ak − 1
s− r
)
≤
(
er
a− 1
)s−r+a(ak − 1
s− r
)
.
Moreover,(
n− s+ r − a
r − a
)
≤
(
n− s+ r − a− (r − a)
n− ak − a+ 1− (r − a)
)r−a(n− ak − a+ 1
r − a
)
=
(
1 +
ak + r − 1− s
n− ak − r + 1
)r−a(n− ak − a+ 1
r − a
)
≤
(
1 +
(r − a)2(ak + r − 1− s)
n− ak − r + 1
)(
n− ak − a+ 1
r − a
)
≤
(
1 +
(r − a)2k
n− ak − r + 1
)(
n− ak − a+ 1
r − a
)
≤
(
1 +
2r2k
n
)(
n− ak − a+ 1
r − a
)
.
Thus, we have
Krs (H) ≤
((
ak + a− 1
s− r + a
)
−
(
ak − 1
s− r
))(
n− s+ r − a
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk
(
n− a− 1
r − a− 1
)
≤
((
ak + a− 1
s− r + a
)
−
(
ak − 1
s− r
))(
1 +
2r2k
n
)(
n− ak − a+ 1
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk
(
n− a− 1
r − a− 1
)
≤
((
ak + a− 1
s− r + a
)
−
(
ak − 1
s− r
))(
n− ak − a+ 1
r − a
)
+
2r2k
n
(
ak + a− 1
s− r + a
)
·
(
n− ak − a+ 1
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk
(
n− a− 1
r − a− 1
)
< Krs (F
(r)
n,k,a)−
(
ak − 1
s− r
)(
n− ak − a+ 1
r − a
)
+
2r2k
n
(
ak + a− 1
s− r + a
)(
n− ak − a+ 1
r − a
)
+
(
rk + a− 1
s− r + a
)
· rk ·
(
n− a− 1
r − a− 1
)
≤ Krs (F
(r)
n,k,a)−
(
ak − 1
s− r
)(
n− ak − a+ 1
r − a
)
+
2r2k
n
(
a
a− 1
)a(ak − 1
s− r
)
·
(
n− ak − a+ 1
r − a
)
+
(
er
a− 1
)s−r+a(ak − 1
s− r
)
· rk · 2
(
n− ak − a
r − a− 1
)
= Krs (F
(r)
n,k,a)−
(
ak − 1
s− r
)(
n− ak − a+ 1
r − a
)
·
(
1−
(
a
a− 1
)a 2r2k
n
−
(
er
a− 1
)s−r+a 2rk(r − a)
n− ak − a+ 1
)
≤ Krs (F
(r)
n,k,a),
where the last inequality follows from n ≥ 4r2k(er/(a − 1))s−r+a. Thus, we complete the
proof.
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4 Proof of Theorem 1.5
In this section, we prove Theorem 1.5. Let F1,F2, . . . ,Fk be r-graphs on the same vertex
set. We say that {F1,F2, . . . ,Fk} contains a rainbow matching if there exist k pairwise
disjoint sets F1 ∈ F1, F1 ∈ F2, . . . , Fk ∈ Fk. If there does not exist pairwise disjoint edges
F1 ∈ F1, F1 ∈ F2, . . . , Fk ∈ Fk, we call {F1,F2, . . . ,Fk} a rainbow-matching-free family.
Let Ω be a finite set, and let A = {A1, A2, . . . , Am} be a collection of subsets of Ω.
A distinct system of representatives of A is a collection of elements x1, . . . , xm such that
xi ∈ Ai for all i ∈ {1, 2, . . . ,m}, and xi 6= xj for all i, j ∈ {1, 2, . . . ,m} and i 6= j. Hall’s
Marriage Theorem gives a necessary and sufficient condition for being able to select a
distinct system of representatives.
Theorem 4.1 (Hall’s Marriage Theorem). Let A be a finite set. The collection of subsets
A = {A1, A2, . . . , Am} of A has a system of distinct representatives if and only if for every
integer k such that 1 ≤ m and {i1, i2, . . . , ik} ⊂ {1, 2, . . . ,m} we have that |
⋃k
j=1Aij | ≥ k.
The following lemma will be used in our proof, which is due to Huang, Loh and Sudakov
[12].
Lemma 4.2 ([12]). Let F1,F2, . . . ,Fk be r-graphs on [n] such that for each i, Fi only
contains sets of size ri, Fi > (k − 1)
(
n−1
ri−1
)
, and n ≥
∑k
i=1 ri. Then there exist k pairwise
disjoint sets F1 ∈ F1, F1 ∈ F2, . . . , Fk ∈ Fk.
Lemma 4.3. Let n, k and r be integers such that n ≥ 4k2(er)k. Let F1,F2, . . . ,Fk
be r-graphs on the same vertex set V of size n. If for all i ∈ {1, 2, . . . , k}, there exists
some s ∈ {r, r + 1, . . . , k + r − 2} such that Krs (Fi) > K
r
s (F
(r)
n,k−1,1). Then the family
{F1,F2, . . . ,Fk} contains a rainbow matching.
Proof. Let {F1,F2, . . . ,Fk} be a rainbow-matching-free family with the maximum value
of
∑k
i=1 |Fi|. We shall prove the lemma by showing that there exists some i such that
Krs (Fi) ≤ K
r
s (F
(r)
n,k−1,1) holds for all the s ∈ {r, r + 1, . . . , k + r − 2}.
If {F1, . . . ,Fi−1,Fi+1, . . . ,Fk} is rainbow-matching-free, then Fi has to be a com-
plete r-graph. Otherwise, we can add an edge in Fi but {F1,F2, . . . ,Fk} is still rainbow
matching-free. This contradicts the assumption that
∑k
i=1 |Fi| is maximum. Let l be
the number of r-graphs in the family {F1,F2, . . . ,Fk} that are not complete r-graphs.
Without loss of generality, we may assume that F1, . . . ,Fl be such non-complete r-graphs
and Fl+1, . . . ,Fk be complete r-graphs. If l = 1, we can find pairwise disjoint edges
F1 ∈ F1, F2 ∈ F2, . . . , Fk ∈ Fk unless |F1| = 0. Thus, we further assume that 2 ≤ l ≤ k.
For each i = 1, 2, . . . , l, let Xi be the set of all the vertices v ∈ V such that degFi(v) >
2(l−1)
(
n−2
r−2
)
and Yi be the set of all the vertices v ∈ V such that degFi(v) ≥ r(k−1)
(
n−2
r−2
)
.
Obviously, we have Yi ⊆ Xi.
Claim 3. The family {X1,X2, . . . ,Xl} does not contain a system of distinct representa-
tives.
Proof. Suppose to the contrary that there exists a system of distinct representatives in
{X1,X2, . . . ,Xl}. Without loss of generality, assume that x1 ∈ X1, x2 ∈ X2, . . . , xl ∈ Xl
are l distinct vertices. Let X = {x1, x2, . . . , xl}. For i = 1, 2, . . . , l, define
Hi =
{
T ∈
(
[n] \X
r − 1
)
: T ∪ {xi} ∈ Fi
}
.
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For any fixed i, j ∈ [l] and j 6= i, there are at most
(
n−2
r−2
)
edges of Fi containing both xi
and xj . Thus, we have
|Hi| ≥ degFi(vi)− (l − 1)
(
n− 2
r − 2
)
> (l − 1)
(
n− 2
r − 2
)
≥ (l − 1)
(
n− l − 1
r − 2
)
.
for each i = 1, 2, . . . , l. Since Hi is an (r− 1)-graph on n− l vertices, by Lemma 4.2 there
exist l disjoint edges E1 ∈ H1, E2 ∈ H2, . . . , El ∈ Hl. Then {E1∪{x1}, E2∪{x2}, . . . , El∪
{xl}} forms a rainbow matching in {F1, . . . ,Fl}. Since Fl+1, . . . ,Fk are all complete r-
graphs, it is easy to find a rainbow matching in {F1, . . . ,Fk}, a contradiction. Thus, the
claim holds.
The following claim shows that if |Xi| and |Yi| are both small, then the lemma follows.
Claim 4. If there exists some i ∈ {1, 2, . . . , l} such that |Xi| ≤ l− 1 and |Yi| ≤ l− 2, then
Krs (Fi) ≤ K
r
s (F
(r)
n,k−1,1) holds for all r ≤ s ≤ k + r − 2.
Proof. Since Fi is not a complete r-graph and
∑k
i=1 |Fi| is maximum subject to rainbow-
matching-free, we conclude that {F1, . . . ,Fi−1,Fi+1, . . . ,Fk} contains a rainbow matching.
Let M = {E1, . . . , Ei−1, Ei+1, . . . , Ek} be such a rainbow matching and S be the set of
vertices that are covered by M. Clearly, for each s ∈ {r, r + 1, . . . , k}, every s-clique in
Fi has at least s − r + 1 vertices in S. Then the number of s-cliques in Fi can be upper
bounded as follows. Firstly, we choose an (s− r+1)-element subset A of S. Then choose
an (r − 1)-element subset B, which has to be a common neighbor of all the vertices in A.
If the vertices of A are all chosen from Yi, then the number of choices for B is at most(
n−s+r−1
r−1
)
. If the vertices of A are all chosen from Xi and A \ Yi 6= ∅, then the number of
choices for B is at most r(k − 1)
(
n−2
r−2
)
. If there exists vertex x ∈ A that falls in S \Xi,
then the number of choices for B is at most 2(l − 1)
(
n−2
r−2
)
. Thus, we have
Krs (Fi) ≤
(
|Yi|
s− r + 1
)(
n− (s− r + 1)
r − 1
)
+
(
|Xi|
s− r + 1
)
· r(k − 1)
(
n− 2
r − 2
)
+
(
|S|
s− r + 1
)
· 2(l − 1)
(
n− 2
r − 2
)
≤
(
k − 2
s− r + 1
)(
n− s+ r − 1
r − 1
)
+
(
k − 1
s− r + 1
)
· r(k − 1)
(
n− 2
r − 2
)
+
(
r(k − 1)
s− r + 1
)
· 2(k − 1)
(
n− 2
r − 2
)
.
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If s = k + r − 2, then we have
Krs (Fi) ≤ r(k − 1)
(
n− 2
r − 2
)
+
(
r(k − 1)
k − 1
)
· 2(k − 1)
(
n− 2
r − 2
)
≤ rk
(
n− 2
r − 2
)
+ 2k(er)k−1
(
n− 2
r − 2
)
≤ 3k(er)k−1
(
n− 2− (r − 2)
n− k − (r − 2)
)r−2(n− k
r − 2
)
≤ 3k(er)k−1
(
1 +
(r − 2)2(k − 2)
n− k − r + 2
)
r − 1
n− k + 1
·
(
n− k + 1
r − 1
)
≤
3k(er)k
n− k + 1
·
(
n− k + 1
r − 1
)
≤
(
n− k + 1
r − 1
)
≤ Krt (F
(r)
n,k−1,1),
where the inequality holds when n ≥ 4k2(er)k.
If r ≤ s ≤ k + r − 3, since(
k − 1
s− r + 1
)
· r(k − 1)
(
n− 2
r − 2
)
+
(
r(k − 1)
s− r + 1
)
· 2(k − 1)
(
n− 2
r − 2
)
≤(k − 1)
(
n− 2
r − 2
)(
k − 1
s− r + 1
)(
r + 2(er)s−r+1
)
≤(k − 1)
(
n− 2− (r − 2)
n− k − (r − 2)
)r−2(n− k
r − 2
)(
k − 1
s− r + 1
)(
r + 2(er)s−r+1
)
≤3(er)s−r+1k
(
1 +
(r − 2)2(k − 2)
n− k − r + 2
)
·
r − 1
n− k + 1
·
(
n− k + 1
r − 1
)(
k − 1
s− r + 1
)
≤
3(er)s−r+2k
n− k + 1
·
(
n− k + 1
r − 1
)(
k − 1
s− r + 1
)
and(
n− s+ r − 1
r − 1
)
≤
(
1 +
(r − 1)2(k + r − 2− s)
n− k − r + 2
)(
n− k + 1
r − 1
)
≤
(
1 +
2r2k
n
)(
n− k + 1
r − 1
)
,
we have
Krs (Fi) ≤
(
k − 2
s− r + 1
)(
n− s+ r − 1
r − 1
)
+
(
k − 1
s− r + 1
)
· r(k − 1)
(
n− 2
r − 2
)
+
(
r(k − 1)
s− r + 1
)
· 2(k − 1)
(
n− 2
r − 2
)
≤
((
k − 1
s− r + 1
)
−
(
k − 2
s− r
))(
1 +
2r2k
n
)(
n− k + 1
r − 1
)
+
3(er)s−r+2k
n− k + 1
·
(
n− k + 1
r − 1
)(
k − 1
s− r + 1
)
≤
(
k − 1
s− r + 1
)(
n− k + 1
r − 1
)(
1 +
3(er)s−r+2k
n− k + 1
+
2r2k
n
−
s− r + 1
k − 1
)
≤Krt (F
(r)
n,s−r+1,1),
where the last inequality follows from n ≥ 4k2(er)k.
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By Claim 3 and Hall’s Theorem, there exists some I ⊂ [l] such that |∪i∈IXi| < |I|.
By Claim 4, we only need to consider the case when |Xi| ≥ l or |Xi| ≥ |Yi| ≥ l − 1 for
each i = 1, . . . , l. Thus, we can assume that X1 = X2 = · · · = Xl = Y1 = Y2 = · · · = Yl =
{x1, x2, . . . , xl−1}.
Claim 5. For each i ∈ 1, 2, . . . , l and each E ∈ Fi, E ∩ {x1, x2, . . . , xl−1} 6= ∅ holds.
Proof. Suppose that there exist some i and e ∈ Fi such that E ∩ {x1, x2, . . . , xl−1} = ∅.
Without loss of generality, assume that there exists E ∈ Fl such that E∩{x1, x2, . . . , xl−1} =
∅. Since degFi(xi) ≥ r(k − 1)
(
n−2
r−2
)
for each i = 1, . . . , l − 1, there exist disjoint edges
E1 ∈ F1, . . . , El−1 ∈ Fl−1 such that (
⋃l−1
i=1Ei)∩E = ∅. Then E1, . . . , El−1, E forms a rain-
bow matching in F1, . . . ,Fl−1,Fl. Since Fl+1, . . . ,Fk are all complete r-graphs, it is easy
to find a rainbow matching in {F1, . . . ,Fk}, a contradiction. Thus, the claim holds.
By Claim 5, it implies that Fi is isomorphic to a subgraph of F
(r)
n,l−1,1 for each i =
1, . . . , l. Thus, we have
Krs (Fi) ≤ K
r
s (F
(r)
n,l−1,1) ≤ K
r
s (F
(r)
n,k−1,1)
for all s with r ≤ s ≤ k + r − 2. Therefore, we complete the proof.
Now we are ready to prove Theorem 1.5. Actually, Theorem 1.5 is already implied by
Lemma 3.1 for n sufficiently large. However, by an induction argument in which Lemma
3.1 is used as the base case, we can improve the lower bound of n in the Theorem 1.5.
Proof of Theorem 1.5. We proceed by induction on k. By Lemma 4.3, the result holds for
k = t − r + 2 and n ≥ 4k(t − r + 2)(er)t−r+2 ≥ 4(t − r + 2)2(er)t−r+2. Now we assume
that the result holds for all k′ with k′ < k.
Suppose that there exist some v ∈ V and i ∈ [k] such that {F1 \ {v}, . . . ,Fi−1 \
{v},Fi+1 \ {v}, . . . ,Fk \ {v}} does not contain any rainbow matching. By the induction
hypothesis on k, there exists j ∈ [k] \ {i} satisfying Krs (Fj \ {v}) ≤ K
r
s (F
(r)
n−1,k−2,1) for all
r ≤ s ≤ t. For s = r, we have
Krr (Fj) ≤ K
r
s (Fj \ {v}) +
(
n− 1
r − 1
)
≤ Krs (F
(r)
n,k−1,1).
For r + 1 ≤ s ≤ t, by the equality (1.6) we have
Krs (Fj) = K
r
s (Fj \ {v}) +K
r
s (v,Fj)
≤ Krs (Fj \ {v}) +K
r
s−1(Fj \ v)
≤ Krs (F
(r)
n−1,k−2,1) +K
r
s−1(F
(r)
n−1,k−2,1)
= Krs (F
(r)
n,k−1,1).
Suppose that for each v ∈ V and each i ∈ [k], {F1 \ {v}, . . . ,Fi−1 \ {v},Fi+1 \
{v}, . . . ,Fk\{v}} contains a rainbow matching. Obviously, the maximum degree in each r-
graph Fi is at most r(k−1)
(
n−2
r−2
)
. For each i = 1, 2, . . . , k, letXi be the set of all the vertices
u ∈ V such that dFi(v) > 2(k−1)
(
n−2
r−2
)
. By the same argument as in the Claim 3 of Lemma
4.3, there exists some j such that |Xj | ≤ k− 1. Let M = {E1, . . . , Ej−1, Ej+1, . . . , Ek} be
a rainbow matching in {F1, . . . ,Fj−1,Fj+1, . . . ,Fk} and S be the set of vertices covered
by M. Since each s-clique in Fj has at least s− r + 1 vertices in S. Then the number of
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s-cliques in Fj can be upper bounded as follows. Firstly, we choose an (s− r+1)-element
subset A of S. Then choose an (r − 1)-element subset B, which has to be a common
neighbor of all the vertices of A. If A is a subset of Xj , then the number of choices for B
is at most r(k − 1)
(
n−2
r−2
)
. If A is not a subset of Xj , then the number of choices for B is
at most 2(k − 1)
(
n−2
r−2
)
. Thus,
Krs (Fi) ≤
(
k − 1
s− r + 1
)
· r(k − 1)
(
n− 2
r − 2
)
+
(
r(k − 1)
s− r + 1
)
· 2(k − 1)
(
n− 2
r − 2
)
≤
(
r(k − 1) + 2(er)s−r+1(k − 1)
) ( k − 1
s− r + 1
)(
n− 2
r − 2
)
≤3(er)s−r+1(k − 1)
(
1 +
(r − 2)2(k − 2)
n− k − r + 2
)
·
r − 1
n− k + 1
·
(
k − 1
s− r + 1
)(
n− k + 1
r − 1
)
≤Krs (F
(r)
n,k−1,1),
for every r ≤ s ≤ t, where the last inequality follows from n ≥ 4k(t− r+2)(er)t−r+2. This
completes the proof of Theorem 1.5.
Acknowledgements. The second author was supported by National Natural Science
Foundation of China (No. 11701407) and Shanxi Province Science Foundation for Youths
(No. 201801D221028 and No. 201801D221193).
References
[1] N. Alon and C. Shikhelman, Many T copies in H-free graphs, J. Combin. Theory Ser.
B 121 (2016) 146–172.
[2] P. Erdo˝s, On the number of complete subgraphs contained in certain graphs, Magy.
Tud. Akad. Mat. Kute´z. Int. Ko¨zl. 7 (1962) 459–474.
[3] P. Erdo˝s, A problem on independent r-tuples, Ann. Univ. Sci. Budapest. Eo¨tvo¨s Sect.
Math. 8 (1965) 93–95.
[4] P. Frankl, The shifting technique in extremal set theory, Surv. Combin. 123 (1987)
81–110.
[5] P. Frankl, Improved bounds for Erdo˝s’ matching conjecture, J. Combin. Theory Ser.
A (5) 120 (2013) 1068–1072.
[6] P. Frankl, On the maximum number of edges in a hypergraph with given matching
number, Discrete Appl. Math. 216 (2017) 562–581.
[7] P. Frankl and A. Kupavskii, The Erdo˝s matching conjecture and concentration in-
equalities, arXiv:1806.08855.
[8] D. Gerbner, A. Methuku, and M. Vizer, Generalized Tura´n problems for disjoint
copies of graphs, Discrete Math. 342 (2019) 3130–3141.
[9] D. Gerbner and C. Palmer, Counting copies of a fixed subgraph in F -free graphs,
European J. Combin. 82 (2019) https://doi.org/10.1016/j.ejc.2019.103001.
16
[10] L. Gishboliner and A. Shapira, A Generalized Tura´n Problem and its Applications,
Int. Math. Res. Not. (2018) https://doi.org/10.1093/imrn/rny108.
[11] W. T. Gowers and Barnaba´s Janzer, Generalizations of the Ruzsa-Szemere´di and
rainbow Tura´n problems for cliques, arXiv:2003.02754v1.
[12] H. Huang, P-S. Loh, B. Sudakov, The size of a hypergraph and its matching number,
Combinatorics, Probability and Computing, 2012, 21(3): 442–450.
[13] J. Ma and Y. Qiu, Some sharp results on the generalized Tura´n numbers, European
J. Combin. 84 (2020) https://doi.org/10.1016/j.ejc.2019.103026.
[14] R. Luo, The maximum number of cliques in graphs without long cycles, J. Combin.
Theory Ser. B 128 (2017) 219–226.
[15] B. Ning and X. Peng, Extensions of Erdo˝s-Gallai Theorem and Luo’s Theorem with
applications, Combinatorics, Probability and Computing, 2020, 29 (1): 128–136.
[16] J. Wang, The shifting method and generalized Tura´n number of matchings, European
J. Combin. 85 (2020) https://doi.org/10.1016/j.ejc.2019.103057.
[17] A.A. Zykov, On some properties of linear complexes, Mat. Sb. 66 (1949) 163–188.
17
